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1 Introduction 

Let {X n } n ^i be a sequence of real-valued independent identically distributed random 
variables with E[X n ] = and -E[A^] = 1, and denote 



The celebrated almost sure central limit theorem (ASCLT) states that the sequence of 
random empirical measures, given by 



converges almost surely to the ^V(0, 1) distribution as n — > oo. In other words, if N is a 
=yK(0, 1) random variable, then, almost surely, for all iGl, 
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or, equivalently, almost surely, for any bounded and continuous function <p : K — > R, 
1 ™ 1 

i YtZfiSk) -^E[<p(N)], asn^oc. (1.1) 

logn ' k 

to fc=i 

The ASCLT was stated first by Levy [H] without proof. It was then forgotten for half 
century. It was rediscovered by Brosamler [8] and Schatte pjj] and proven, in its present 
form, by Lacey and Philipp [13] . We refer the reader to Berkes and Csaki [TJ for a universal 
ASCLT covering a large class of limit theorems for partial sums, extremes, empirical 
distribution function and local times associated with independent random variables {X n }, 
as well as the PhD thesis by Gonchigdanzan [9], where extensions of the ASCLT to weakly 
dependent random variables are studied, for example in the context of strong mixing or 
p-mixing. Ibragimov and Lifshits [101 E] have provided a criterion for (jl.ll) which does 
not require the sequence {X n } of random variables to be necessarily independent nor 
that the sequence {S n } have the specific form of partial sums. This criterion is stated in 
Proposition 13.11 below. 

Our goal is to investigate the ASCLT for a sequence of multiple stochastic integrals. 
Conditions ensuring the convergence in law of this sequence to the standard o/T(0, 1) 
distribution are now well-known, see Nuarlart and Peccati [16]. We will derive a criterion 
for this sequence of multiple integrals to satisfy also the ASCLT. 

As an application, we consider some non-linear functions of strongly dependent Gaus- 
sian random variables. We will generate strong dependence by using increments of a 
standard fractional Brownian motion B H . Recall that B H = (Bf 1 )^ is a centered Gaus- 
sian process with continuous paths such that 



E[B?B?] = l - (t 2H + s 2H -\t- s\ 2H ^) , s, t> 0. 



The process B H is self-similar with stationary increments and we refer the reader to 
Nualart [T7] and Samorodnitsky and Taqqu [18] for its main properties. The increments 



Y k = B» +l -B», k>0, 

called "fractional Gaussian noise", are centered stationary Gaussian random variables with 
covariance 

p(r) = E[Y k Y k+r ] = l -(\r + l\ 2H + \r - 1\ 2H - 2\r\ 2H ), r e Z. (1.2) 

This covariance behaves asymptotically as 

p(r) ~ H(2H- l)|r| 2H " 2 as \r\ -> oo. 

Observe that p(0) = 1 and (z) for < H < 1/2: p(r) < for r ^ 0, ^ r6Z \p(r)\ < oo 
and ErezP( r ) = °5 ( u ) for H = 1 / 2: p( r ) = if r ^ 0; and (in) for 1/2 < H < 1: 
J2rez \p( r )\ = 00 • The Hurst index measures the strenght of the dependence when H ^ 
1/2: the larger H, the stronger the dependence. 
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We shall consider random variables 



H q (Y k ) = H q (B l 



<H 

fc+1 



(1.3) 



where // fy is a Hermite polynomial of order q ^ 1. The first few Hermite polynomials 
are Hx(x) = x, H 2 (x) = x 2 — 1 and H 3 (x) = x 3 — 3x. Why Hermite polynomials? This 
is because they can be expressed as multiple stochastic integrals, and because the limit 
distribution, as n — > oo, of the partial sums ^22=1 H q (Yk), adequably normalized, is known 
(see Breuer and Major [4], Dobrushin and Major [6], Giraitis and Surgailis [7] and Taqqu 
[20]). This limit can be Gaussian or not, depending on the order q of the polynomial and 
on the Hurst index H. 

Using our multiple stochastic integral criterion for ASCLT and results from Malliavin 
calculus, we will show that the normalized sums of Ylk=o Hq(Xk)i when q ^ 2, satisfy an 
ASCLT if their limit is Gaussian, that is, when the Hurst index H satisfies < H ^ 1 — 

Our criterion, when applied to the simple linear case q = 1, yields the following ASCLT 
for fractional Brownian motion. We show that, almost surely, for any bounded continuous 
function <p : R — > R and any < H < 1, 



where N ~ <yK(0, 1). Berkes and Horvath (2], using other techniques, have obtained a 
continuous-time version of (11.41) . 

The paper is organized as follows. In Section 2, we present the basic elements of 
Gaussian analysis and Malliavin calculus used in this paper. The ASCLT criterion is 
stated and proved in Section 3. Its application to partial sums of Hermite polynomials 
of increments of fractional Brownian motion is presented in Section 4, when the limit in 
distribution is Gaussian. In section 5, we discuss the case where the limit in distribution 
is non-Gaussian. 

2 Multiple stochastic integrals and Malliavin calculus 

We shall now present the basic elements of Gaussian analysis and Malliavin calculus that 
are used in this paper. The reader is referred to the monograph by Nualart [T7] for any 
unexplained definition or result. 

Let ^ be a real separable Hilbert space. For any q ^ 1, let $)® q be the gth tensor 
product of ft and denote by S) Qq the associated gth symmetric tensor product. We write 
X = {X(h),h G fj} to indicate an isonormal Gaussian process over ft, defined on some 
probability space (fi,jF, P). This means that X is a centered Gaussian family, whose 
covariance is given in terms of the inner product of i} by E [X(h)X(g)] = (h,g)fi. 

For every q ^ 1, let 7i q be the gth Wiener chaos of X, that is, the closed linear 
subspace of L 2 (Q, J 7 , P) generated by the random variables of the type {H q (X(h)),h G 
$), ||/i|L = 1}, where H q is the gth Hermite polynomial defined as 




as n 



oo, 



(1.4) 




(2.5) 
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We write by convention Hq = R and Iq(x) — x, x G R. For any g ^ 1, the mapping 
I q {h® q ) = q\H q (X(h)) can be extended to a linear isometry between the symmetric tensor 
product i} 09 equipped with the modified norm ||-|Uo 9 = \/^IHU®8 an d the gth Wiener 
chaos H q . Then 

E[I p (f)Ig(g)] = 5 Pt q x p\(f,g)sj®p (8 P ,q stands for the Kronecker symbol) 
for / G f) 0p , g G f) 09 and p, q ^ 1. Moreover, if / G .f) 09 , we have 

W) = Wl (2-6) 

where / G i} 09 is the symmetrization of /. 

Let {ek, k ^ 1} be a complete orthonormal system in fj. Given / G Sj &p and g G i} 09 , 
for every r = 0, . . . ,pAq, the contraction of / and g of order r is the element of 5}®(p+<?- 2r ) 
defined by 

oo 

f® r g= ^ {f,e il ®...®e ir )^r®{g,e h ®...®e ir )^r. (2.7) 

i\,...,i r =l 

Since f ® r g is not necessarily symmetric, we denote its symmetrization by f® r 9 £ 
^0(p+g-2r) observe that f ®o 9 = f ® 9 equals the tensor product of / and g while, for 
P — <L / ®q 9 — (f,9)s)®*i namely the scalar product of / and g. In the particular case 
S) = L 2 (A,A,fi), where (A, A) is a measurable space and fi is a a-finite and non-atomic 
measure, one has that fj 09 = L^(A q , A® q , /i 09 ) is the space of symmetric and square 
integrable functions on A q . In this case, (12.71) can be written as 



{f ®r d)(ti, . . . ,tp+ q -2r) — / f(tl,---,tp-r,Sx,...,S r ) 

X 9(tp-r+l, ■ ■ ■ 5 tp + q_ 2r , Si, ... , S r )dfl(Si) . . . dfl(s r ), 

that is, we identify r variables in / and g and integrate them out. The following useful 
multiplication formula holds: if / G f) Gp and g G f) 09 , then 

= £ r! (r) (r) W*- (2-8) 

Let us now introduce some basic elements of the Malliavin calculus with respect to 
the isonormal Gaussian process X. Let S be the set of all cylindrical random variables of 
the form 

F = <p(X(h 1 ),...,X(h n )) t (2.9) 

where n ^ 1, <p : R™ — >• R is an infinitely differentiable function with compact support 
and hi G f). The Malliavin derivative of F with respect to X is the element of L 2 (f2,fj) 
defined as 

n Pi 

DF = Y,^.(X(h 1 ),...,X{h n ))h i . 

i=i 1 
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By iteration, one can define the mth derivative D m F, which is an element of L 2 (f2, f) 0m ), 
for every m ^ 2. For m ^ 1 and p ^ 1, D m,p denotes the closure of 5 with respect to the 
norm I 



I F\\ p 

I llm,p 



defined by the relation 

m 

El\F\v} + Y,E{\\D' l F\\ P ^)- 



i=i 



In particular, DX(h) = h for every /i G fj. The Malliavin derivative .D verifies moreover 
the following chain rule. If y? : M. n — > M. is continuously differentiable with bounded partial 
derivatives and if F = . . . , F n ) is a vector of elements of D 1 ' 2 , then <p(F) G D 1 ' 2 and 



i=l 

Let now S) = L 2 (A, A, fi) with /i non-atomic. Then an element u G f) can be expressed 
as u = {u t , t G A} and the Malliavin derivative of a multiple integral F of the form I q (f) 
(with / G £ 09 ) is the element DF = {D t F, t G A} of L 2 (A x Q) given by 

D t F = A [/,(/)] =g/,_ 1 (/(-,*)). (2.10) 

Thus the derivative of the random variable / g (/) is the stochastic process (/(■,£)), 
t E A. Moreover, 



IMW)]ILW 



(f(;t)) 2 fl(dt). 



We shall also use the following bound, proved by Nourdin and Peccati in [15], for the 
difference between the law of multiple integrals of order q ^ 2 with unit variance and the 
law of a standard Gaussian random variable. 



Proposition 2.1 Let q ^ 2 be an integer, f G $) &q with q\ 
N ~ ^(0, 1). TTiera, /or all h : C -> R sucA ttaf 

|/i(a;) - h{y)\ < |a; x,yeC, 

we have 



2 



£[/ 9 (/) 2 ] = 1 and 
(2.11) 



|£[MW))]-£[MA0]| < 



\ 



E 



1 

9 



l-~\\D[W)]\\% 



(2.12) 



3 A multiple stochastic integral criterion for ASCLT 

The following result, due to Ibragimov and Lifshits [TO] (Theorem 1.1 therein), gives a 
sufficient condition for extending convergence in law to an almost sure limit theorem. 
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Proposition 3.1 Let {G n } be a sequence of random variables converging in distribution 
towards a random variable G^, and set 

1 n 1 

log n k v ' 
ta k=i 



If 



E\A. (t)\ 2 

supV i < oo forallr>0, (3.13) 



\t\<r— nlogn 

then, almost surely, for all continuous and bounded functions if : K. — > R, we /iawe 



1 - 1 

V"-v9(G fc ) — > E[v?(Goo)] as n -> oo. 

logn k 



The following theorem provides a criterion for an ASCLT for multiple stochastic inte- 
grals. It is expressed in terms of the kernels of these integrals. 

Theorem 3.2 Let the notation of Section\^prevail. Fixq ^ 2, and let {G n } be a sequence 
of the form G n = L q (f n ), with f n G S)° q . Assume that E[G^] = q\\\f n \\%®q — 1 f or a H n > 
and that G n ^ N ~ «yK(0, 1) as n — > oo. If £/ie following two conditions are satisfied: 

1 - 1 

(^0 i — — y] 7 ll/fc ®r /fe|U®2(9-) < oo for every r = l,...,q-l; 

n log n f-^ 

fe=i 



71^2 



< OO, 



i/ien {G n } satisfies an ASCLT. In other words, almost surely, for all continuous and 
bounded ip : R — > R, 

1 ™ 1 

V"-v9(G fc ) — > E[v9(iV)], asn-^oo. 

logn /c 

Remark 3.3 We have EyGhGn = q\(fk, fi)fj®q. Consequently, condition (A 2 ) can be 
replaced by the following equivalent condition: 



. 2 nlogn^ kl 



< 00. 
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Proof of Theorem 13.21 We shall verify the sufficient condition (13.131) . that is the 
Ibragimov-Lifshits criterion. For simplicity, let g(t) = E(e ltN ) = e~* I 2 . Then 

£|A„,(t)| 2 



1 


lo 






1 


lo 


z 2 n 




1 


lo 


=r 2 n 



Let fel and r > be such that \t\ ^ r. The function <p(x) = \e lix satisfies |</3'(x) | ^ 1 
and hence (12.111) . Therefore, by ( 12.121 ). we have, for j e {&,/}, 



\E(e ±itG *) -g(t)\^ 

Similarly, 

\E{f( G *- G *) -g 2 (t)\ 



E 



1--\\DG, 




V2i 



\ 



E 



1 - Y q W DG * ~ DG i\\% 



But 



l--\\DG k -DG l \\l 



±\\DG k \\%) ilpGHIj) + ^(DG k , DGi)^ 

so that, since (x + y + z) 2 ^ 3(x 2 + y 2 + z 2 ) and y/u + v + w ^ y/u + y/v + y/w, 



E 



(l-^WDG.-DG^ 



+- 




A 



E 



l--\\DG l \\ 
Q 



73 



E[(DG k , DGi) 2 ^] . 
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Consequently, to get (13.131) . it suffices to prove that the two following conditions hold: 

(3.14) 



< oo 



and 



1 n i 

E -r^r- E TjjE(DG k , DG t )l < oo. 
^ n log d n ^ klV n 

Since E^™ =1 j ^ 1 + logn, one can observe that (13.141) is a consequence of 



(3.15) 



< oo. 



n ° fc=l t x ' 

We shall now prove that (13. 16|) and (j3.15l) are satisfied. 



(3.16) 



Proof of (EZSP- In view of the normalization = 1 for all k, we have, by Lemma 

[3T41 below: 



r=l ^ ' 



-2r{fk®rfk)- 



Hence, taking into account the orthogonality between multiple stochastic integrals, we 
have 



E 



l--\\DG k 
Q 



« 2 EV-1)! 2 ('_ J)^ 

r=l ^ ' 



£®(2 9 -2r) • 



Via the straightforward inequality 



J q\i 



1 x\ + . . . + x 2 q ^ \x x \ + . . . + \x q 
and since ||/k®r/fc||js®(a«-ar) < ll/fc ®r /fclU^-ar), we get 



(3.17) 



\ 



1--H^*IIJ 



\\fk ®r /fell £,®(2 9 -2r) . 



Combining all these bounds, we obtain 



E^EifHii^*) 

n ° k=l ' x ' 



9-1 



n log n 7— ' 

n ° fc=l 



so that assumption (Ai) immediately implies ( 13.161) . 

Proof of 113. 15\) . By Lemma [3T41 below and the orthogonality between multiple stochas- 
tic integrals, we have 

E(DG k ,DG l )l = q i Y^(r-l)\ 2 ( q l 1 ) (2g-2r)! ||/ fc ® r /i||J. ( ^_ ap) + (gg!) a | (f„, fi)^\ 2 . 

r=l ^ ' 

By Lemma 13.51 below, we also have 

\\fk ®r fl\\fi®(2q-2r) = (fk ®q-r fki fl ®g-r fl)?)® 2r , 

so that, by Cauchy-Schwarz inequality: 

II/* ®r //II 

^ 2 (H/ fc ®q~r fk\\%®2r + ||/ ®q-r fl\\%t32r) . 

Consequently, using again (13.171) . we obtain that 

9-1 / ,\ 2 



E(DG kr DG l )% ^ q ^{r-l)\( q _ )) V(2g-2r)! 



X-^ (ll/fe ® g -r /feller + ||/; (g) g _ r /|U®2r) +qql\(fk,fl)sj^\- 

Finally, we obtain f|3. 1 5f) from the conjunction of (Ai) and (A 2 ), which completes the 
proof of Theorem I3.2L □ 

In the previous proof, we used the two following lemmas: 

Lemma 3.4 Consider two random variables F = I q (f), G = I q (g), with f,g G fj 0,? . 
Then 

9-1 



(DF,DG)fi = g 2 ]T(r - l)\( q _ l \ h q - 2r {f® r g) + qq\{L. 

r=l V ' 



Proof. Without loss of generality, we can assume that f) = L 2 (A, £/, /i) where (A, &/) is 
a measurable space, and [i is a cx-finite and non-atomic measure. Thus, we can write 



(DF, DG)^ = / D t F D t G fj.(dt) 
J A 

= q 2 [ I q -i(f{; t))l q ^(g(;t))fi(dt) by ^ 

J A 

f / — 1\ 2 

= q 2 J A Y. r \ r ) V-2-2r(/(-,t)®r0(-,t))M<ft) byflZ 



r=0 

9-1 / -, \ 2 



r ( — 1\ 

q 2 J2 rl ( ) j2 ?- 2 - 2 - (/(•>*) ®rg(;t))fi(dt) by (ED 

^r=0 V r / 



q2 r! ( ) J 2g-2-2r(/ ®r+i fiO by linearity 

9-1 / _ -j\ 2 
?2 5Z r! ( r ) J 2g-2-2r(/®r+l^) 

g 2 ^(r-l)!( g ^V/ 2(? _ 2r (/®^) 

r=l v ' 

r=l V J 



9-1 /_ 1 \ 2 

L2q-2r(f®rg) + q q ] -(f , g) Si** ■ 



□ 



Lemma 3.5 Zet f,g£ S) Qq . Then \\f ® r 0|||® (2 ,_ 2r) = (/ ® g -r f,g® q - r g)^. 

Proof. Without loss of generality, we can assume that f) = L 2 (A, /i) where (A, &/) is 
a measurable space, and \i is a a-finite and non-atomic measure. Using the definition of 
contractions and Fubini theorem, we can write 

£®(2g-2r) 

/i(dxi) . . . n(dx q - r )n(dyi) . . . n(dy q _ r ) 

2 



x / n{dz\) . . . n(dz r ) /(xi, . . . , z r )g(y u . . . , y,_ r , zi,...,Zr) 



li(dxx) . . . n{dx q - r )n{dy\) . . . n{dy q - r ) 

A 2 i~ 2r 

x / fi(dzi) . . . //(cte r ) /(xi, . . . , a; 9 _ r , zi, . . . , z r )g(y u y q _ r , z u . . . , z r ) 
x / fi(dti) . . . n{dt r ) f(xi, x q - r , h,..., t r )g(y 1 , . . . , y q - r , ti,...,t r ) 

JA r 

n(dzi) . . . fi(dz r )fj,(dti) . . . n(dt r ) 

A 2r 

X / [l{dX\) . . . fl(dx q _ r ) f{Xi, . . . , X q _ r , Z±, . . . , Z r )f(Xi, . . . , X q _ r , t±, . . . , t r ) 
J A q ~ r 

X / K d Vl) ■ ■ ■ K d yq-r)g(yh Hq-v, Zl,...,Zr) g(Vl, • • • , y q -r, h,...,t r ) 

\i{dz\) . . . fi(dz r )fj,(dti) . . . fi(dt r ) 

A 2r 

X/ ®g-r f{Zl, ■ ■ ■ ,Z r ,t u . . .,t r )g ® q _ r g{z U ...,Z r ,t 1 ,...,t r ) = (f ® q _ r /, flf ®,- r 

□ 
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When q = 1, we have the following result: 

Proposition 3.6 Let {G n } be a centered Gaussian sequence with unit variance. If the 
following condition is satisfied, 



( A ') V 1 y \E(G k G t 



< oo, 



then {G n } satisfies an ASCLT. In other words, almost surely, for all continuous and 
bounded <p : K — > E, 



1 n 1 

i — Et^*) — > ^™ 

logn *— ' /c 



as n oo. 



Proof. Let tGM and r > be such that \t\ < r. Since £ , [e rfGfe ] equals g(t) = e * 2//2 , we 
have 



E\A n {t)\' 



£ h E [(« 



l0 § n ifei 



E^F(^ (Gfe - Gi) ) 



g(^fcguj gince , x _ x , gN , , and | S ( GG )| ^ L 



Therefore, assumption (t4' 2 ) implies (13.131) . and the proof of the proposition is done. 



□ 



4 Partial sums of Hermite polynomials of increments 
of fBm: the Gaussian case 

Let B H be a fractional Brownian motion (fBm) with Hurst index H e (0,1). We are 
interested in an ASCLT for the g-Hermite power variations of B H , defined as 

n-l 

k = e^(^+i-0' n > 1 > ( 4 - 18 ) 

fc=0 

in cases where V n , adequably normalized, converges to a normal distribution. Here, H q 
stands for the Hermite polynomial of degree q, given by (j2.5B . 
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We first treat the case q — 1 and < H < 1. Convergence in distribution of 

Lfn. — 77 



n 



H 



to a normal law is trivial because, by self-similarity, G n ~ ^(0, 1). The following 

theorem provides the corresponding ASCLT. A continuous time version of the result was 
obtained by Berkes and Horvath [2] using different methods. 

Theorem 4.1 For all H £ (0, 1), the sequence {G n } satisfies an ASCLT. In other words, 
almost surely, for all continuous and bounded (f : M — > M, 

n-l 



1 ' ~ 1 



logn ^— ' fc 

Proof. We shall apply Proposition 13.61 The cases H < 1/2 and H ^ 1/2 are treated 
separately. From now on, the value of a constant C > may change from line to line. 



Case H < 1/2. For any b ^ a ^ 0, we have 



6 2H _ fl 2ff = 2R 



b—a 



dx 







\1-2H 



^ 2H 



b—a 



dx 







1-2H 



X 



(x + a) 

Hence, for Z ^ k ^ 1, we have l 2H - {I- k) 2H ^ A; 2H so that 

1 
2 



(6 -a) 2 ". 



|E[Bf ]| = -(^ + l 2H -{I- k) 2H ) <: k 2H . 



Thus 



V - V- V 



1 ^ \E\Gud 



1 » 1 > \E[B?BP 
^ nlog 3 n ^ l 1+H f-^ k l + H 



Tl>2 



n \og 6 n f— ' / 



fc=i 



n>2 



^ ^nlog 3 n^f/ 1+// ^A; 1 -^ 

n>2 ° 1=1 k=l 



4^ n log 3 nff I ^ ^ - i«" 2 

n^2 ° Z=l 



n>2 



nlog rt 



< oo. 



Consequently, condition (A' 2 ) in Proposition 13.61 is fulfilled. 



\E[B?B*] 



Case # ^ 1/2. For / ^ jfe ^ 1, it follows from (O) that 

j=0 j=0 

< fc |p(r)| ^CM 211 ' 1 . 

r=-J+l 



fc-1 l-l 
j=0 j=0 
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The last inequality comes from the fact that p(0) = 1, p(l) = p( — 1) = {2 2H — l)/2 and, 
if r > 2, 



|p(-r)| = \p(r)\ = \E[{B% 1 -B?)B*]=H{2H-l) f du f 

JO Jr 

< H(2H-l)f (r -u) 2H ~ 2 du <: H(2H - l)(r - 1 
Jo 



_1 ^(t;- M ) 2H - 2 



Consequently, 



E l 1 l-^t^fcC/]! 1 1 \ E \ B k B F] 

<r> lrw 3 n -^-^ / t n lore 3 n ' 



<: 



n>2 ° Z=l fc=l 



^nlogn^/ ^™ lo g ™ 

Finally, condition (A' 2 ) in Proposition 13.61 is satisfied, which completes the proof of The- 
orem 14.11 ^ 

In the remaining part of this section, we assume that q ^ 2 and < H ^ 1 — l/(2q). 
When H ^ 1/2, since the increments of B H are not independent and V n is not linear, 
the asymptotic behavior of (14. 18ft is more difficult to investigate. In fact, thanks to the 
seminal works of Breuer and Major [4], Giraitis and Surgailis [7] and Taqqu [20], it is 
known that, as n — > oo: 

• If q ^ 2 and < # < 1 - l/(2g) then 

G n :=-^= ^ ^(0,1). (4.19) 



If g ^ 2 and H = 1 - l/(2g) then 

Law 



a n y/n log n 



^(0,1). 



(4.20) 



Here, <r n denotes the positive normalizing constant which ensures that ^[G 2 ] = 1. The 
case H > 1 — ^- will be considered in Section El Proofs of ( 14.191) and (14.201) . together with 
rates of convergence, can be found in [15] and [3], respectively. 

We want to see if one can associate almost sure central limit theorems to the conver- 
gences (I4.19p and (14.201) . To do so, we need a few lemmas. 
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Lemma 4.2 Let q ^ 2. As n — > oo, 

1. ifH < 1 - i tfien <7„ - g! E reZ P(0 9 > 0; 

2. ifH=l-± then a n - 2g!(l - - ±) 9 > 0. 

Proof. We have E[(B* +l - B%)(B? +1 - Bf 1 )} = p{k - I) where p is given in (Oil . Recall 
that p is an even function and that 

p(r) = H(2H - l)r 2H ~ 2 + o(r 2H ~ 2 ), as |r| -> oo. 
We deduce that Ylr& lp( r )l 9 < 00 if an d only if -ff < 1 — l/(2q). On the other hand, 

n— 1 n— 1 

£[K 2 ] = ^^(^« 1 -<)^« 1 -^))=g!^p(A:-/r 

n— 1 n—l—l 

= ^ r ) 9 = ^ E ( n - 1 - i r iM r ) 9 

Z=0 r=— / |r|<n 



V |r|<n |r|<n 
Assume first that i7 < 1 — l/(2g). In this case, 

\r\ + 1" 



n 



l{|r|<n}- 



In addition, we also have Ylrez \p( r )\ q < 00 • Hence, we deduce by bounded Lebesgue 
convergence that 



r I 9 , as n — >■ oo. 



Assume now that H — 1 — In that case, as |r| — > oo, 

p(r)« ~ ^(2i? - l)TI (2 "- % = (l - £f (l " \J y y 



Therefore, as n — ► oo, 



E (i-y(i-i)" e Fi~ 2 ( i -y , ( i -9 ,,og " 



|r|<n 7 0<\r\<n 

and 



|r|<n |r|<n 

The desired conclusion follows. 
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The next lemma follows from Nourdin and Peccati [15] and Breton and Nourdin [3]. 
It will play a crucial role in the proof of Theorem 14.41 

Lemma 4.3 Fix q ^ 2, and let fj be the real and separable Hilbert space defined as 
follows: (i) denote by S the set of all R-valued step functions on [0, oo), (ii) define f) as 
the Hilbert space obtained by closing <§ with respect to the scalar product 

(l m ,l M ) Ji = E[B*B?]. 

For any n ^ 2, let f n be the element of $) &q defined by 

i y-n-i ■]»</ y H < 1 - -±- 



(4.21) 



1 y-vn-l 
(j n \/n log n J-^k=0 



[k,k+l] 



^^ =1 -2^ 



with a n the positive normalizing constant which ensures that G n = I q (f n ) has variance 
one. Then there exists a constant C > 0, depending only on q and H (but not on n ), such 
that, for all n ^ 1 and r = 1, . . . , q — 1: 



n 



-1/2 



n 



H-l 



ifH^l 

ifl^H<: 



\\fn ®r /n||j5®(2?-2r) < C X < 



2g-3 
2q-2 
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qH-q+1/2 



j_ 

2q 



^=1-5 



(logn) ^ 2 

We can now state and prove the main result of this section. 
Theorem 4.4 Let q ^ 2 and H ^ 1 - l/(2g). For n > 1, set 



n-l 




VH<l-t q 

Here, a n denotes the positive normalizing constant which ensures that -E[G 2 ] = 1. Then 
{G n } satisfies an ASCLT. In other words, almost surely, for all continuous and bounded 
cp:R^R, 



1 n 1 



logn ^— ' 

to fc=i 



oo. 
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Proof. We shall apply Theorem 13.21 and let C be a positive constant, depending only 
on q and H, whose value changes from line to line. We consider the real and separable 
Hilbert space fj as defined in Lemma FOl 

First, we focus on the case H < 1 — l/(2g). We have G n = I q (f n ) with /„ given by 
(I4.2ip . Let us verify assumptions (Ai) and (A 2 ) in Theorem 13.21 According to Lemma 



14.31 there exists a > 0, depending only on q and H (but not on k and r), such that, for 
all k ^ 1 and r = 1, . . . , q — 1, ||/fc <8) r fk\\sj^( 2 i- 2r ) ^ Ck~ a . Hence 

1 n \ i \ 

i 2 5^ rll/* ®r /fclU®(2 9 - 2 ,) ^ C V x V 2 < oo, 
^— ' n log n f— ' fc f— f ^— ' n log n 

nj?2 ° fc=l fc^l ° 

that is assumption (Ai) is verified. On the other hand, we have 



fe-i i-i 



(fk, fi)s&* = — —7= Y] Y] p(j 

cr k cri ykl ~^~T 



with p given by (j 1 . 2f) . Since a k — > 0"oo > as — > oo (see Lemma [4~2l . we have, for 

k—1 (— 1 fe— 1 2— 1— i 

i<a.««-i < TfEE -«>r= ^e |>wr 
< ^Eipwr*^, 

r&L 

where the last inequality follows from the fact that y^ rgZ |p(^)| <? < oo. Consequently, 
assumption (A 2 ) is verified as well, because 

\{fk,fi)sj®<i\ , 1 sr^ lifki fi)sj®<i\ 



4^ n log 3 n ,4"< ^ ^ 4^ n log 3 n -f-* f— f fci 

rtJS2 ° fc,i=l n^2 1=1 k=l 

1 " 1 1 1 

^ ^ ~ 1„„3 " X] 73/2 ~7f 



n>2 



< cy^y^cv _J_ <00 . 

f^nlogn^Z f^^log^ 

It remains now to consider the critical case H = 1 — l/(2q). We have G n = I q (f n ) 
with /„ = CTnv/ ^ logra J]fc=d ifak+i] e ?> &q - Accor ding to Lemma WM, we have, for all k ^ 1 
and r = 1, . . .,q - 1, ||/ fc <g> r /J^c-ar) < C/y/\ogk~. Hence 

1 n 1 1 - 1 



^ n log n f-f k 4^ nlog n f-f &vlog£ 

n^2 ° fc=l n^2 ° fc=l v 

1 

n log 3 / 2 n 



< C E ^J 3 - <°°, 



n^2 
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that is assumption (Ai) is verified. Concerning (A 2 ), note that 

^ k-1 l-l 

(fk, fl)sp* = /ri r /n 7 E E ^ ~ 

a fc cxz log Wl log Z ^ ^ 

Since cr^ — > Ooo > as — > oo (see Lemma l4~2i ) . we have, for I ^ k ^ 1, 

^ fe-i z-i 



j=0 j=0 



y/k\ogky/l fog. 



< r ^ VI ( )\ q < r klogl 

" v/iogiv/noii^/ 1 ^ 1 " V n °s fc ' 

The last inequality follows from the fact that Y^ r =-i |p( r )| 9 ^ Clog / since, as \r \ — > oo, 
p( r )^(l-I)(l-l)| r |-V«. 

Consequently, assumption (A 2 ) is verified because 



4^ n log 3 n ,4^ kl ^ ~in log 3 n , ^ 

n>2 & fcJ=2 n>2 to 1=2 k=2 



^nlog 3 n^ P/ 2 ^v/Hoil 



^nlogn^Z t^2 nl °S n 



□ 



5 Partial sums of Hermite polynomials of increments 
of fBm: the non-Gaussian case 

Fix q ^ 2. In the previous section, we saw that the limit distribution of V n = Y^k=o ^-qi^k+i' 
-B^), adequably normalized, is Gaussian when H ^ 1 — 1/ (2g). We consider here the case 
H > 1 - l/(2q). In contrast to fl^T9l) - (l^20|) . we have 

G n := nrt-^Vn ^ Goo. (5.22) 
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The law of is called the "Hermite distribution". A short proof of (15.221) is given in 
Proposition 15.11 below. It is based on the fact that, for fixed n, Z n defined in (15.231) below 
and G n share the same law, because of the self-similarity property of fractional Brownian 
motion. 

Proposition 5.1 Fix q ^ 2 and H > 1 — l/(2g) ; and define Z n by 

Z n = n« 1 -*- 1 ^H q ( n B {Bf^ 1)/n -B* / J), n>l. (5.23) 

k=0 

Then, as n — > oo, {Z n } converges almost surely and in L 2 (Vt) to a limit denoted by Z^. 
Proof. Let us first prove the convergence in L 2 (Q). For n, m ^ 1, we have 

re— 1 m— 1 

£[Z n Z m ] = glfwrn) 5 " 1 E E ( s [( s §+i)/« - 5 *W W+D/™ - 5 /An)]f • 

fc=0 i=0 

On the other hand, since H > 1/2, we have, for all s, t ^ 0, 



£[5f Bf ] = #(2# -1) [ du [ dv\ 

Jo Jo 



u — v\ 



\2H-2 



Hence 

n-1 m-1 / f (k+l)/n r(l+l)/m 



dv\v - u\ 2H ~'' 

l/m 



E[Z n Z m ] = q\H q (2H -l) q x V V [nm / du 

fc=0 i=o \ Jk ' n Jl l 

Therefore, asn,m^ oo, we have, 

E[Z n Z m ] -> q\H q {2H - If [ \u - v\ {2H ~ 2)q dudv, 

and the limit is finite since H > 1 — l/(2q). In other words, the sequence {Z n } is Cauchy 
in L 2 (Q), and hence converges in L 2 (f2) to some Z^. 

Let us now prove that {Z n } converges also almost surely. Observe first that, since Z n 
belongs to the qth chaos of B H for all n and because {Z n } converges in L 2 {Q) to 

Zoo-, We 

have that Z^ also belongs to the gth chaos of B H . In [3] Proposition 3.1], it is shown that 
E[\Z n — Zoo| 2 ] ^ Cn 2q ~ 1 ~ 2qH , for some positive constant C not depending on n. Inside a 
fixed chaos, all the L p (f2)-norms are equivalent (see e.g. [12], Theorem 5.10]). Hence, for 
any p > 2, we have E[\Z n - Z^} < (7^(9-1/2-3^). Since H > 1 - l/(2q), there exists 
p > 2 large enough such that (q — 1/2 — qH)p < — 1. Consequently 



E^ 



y n ^00 1 



< OO 



leading, for all e > 0, to 

E^tl^n-^ocl >e] < OO. 



Therefore, we deduce from the Borel-Cantelli lemma that {Z n } converges almost surely 

tO Zoo. 
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We now face some difficulties. First, since the limit of G n in (I5.22p is not Gaussian, 
we cannot apply our general criterion Theorem 13.21 to obtain an ASCLT. To modify 
adequably the criterion, we would need a version of Proposition 12. II for random variables 
with a Hermite distribution, a result which is not presently available. Thus an ASCLT 
associated to the convergence in law (15.221) falls outside the scope of this paper. We can 
nevertheless make a number of observations. First, changing the nature of the random 
variables without changing their law has no impact on CLTs as in (15.221) . but may have a 
great impact on an ASCLT. To see this, observe that for each fixed n, the ASCLT involves 
not only the distribution of G n , but also that of (Gi, . . . ,G n ). Consider, moreover, the 
following example. Let {G n } be a sequence of random variables converging in law to a 
limit Gqo. According to a theorem of Skorohod, there is a sequence {G* n } such that for any 

fixed n, G* n ^= G n and such that {G* } converges almost surely as n — > oo to a random 

variable G^ with G^ = Goo- Then, for any bounded continuous function ip : R — > R, 
we have y?(G*) (^(G^) and by a classical theorem of Hardy (see [5] p. 35), as n — > oo, 

1 n 1 

to k=l 

This limit is different from E[ip(Gl )] (or equivalently E[<p(Goc)]), that is, different from 
the limit if one had an ASCLT. Thus, knowing the law of G n , for a fixed n, does not allow 
to determine whether an ASCLT holds or not. 

Remark 5.2 In view of Proposition 15. 11 the Skorohod version of 

n-1 

G n = n^-^H q {B» +1 -B») 

k=0 

is 

Gl = Z n = n^ H ^Y^H q (n H {Bf k+1)/n - B* /n )), 

since G* — G n and G* converges almost surely. 

Hence, in the case of Hermite distributions, by suitably modifying the argument of 
the Hermite polynomial H q in a way which does not change the limit in law, namely by 
considering Z n in (15 . 23|) instead of G n in (|5.22j) . we obtain the almost sure convergence 

1 n 1 

i Yl T^ Z k) vi z °o)- 

log n ' k 

to k=i 
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Note that the limit is different from the limit expected under an ASCLT, namely E[(p(Z co )]. 
Recall indeed that Z^ is a non-constant random variable with a Hermite distribution (Do- 
brushin and Major [6], Taqqu [20]) and therefore one has E[ip(Z oa )] ^ ^(Z^) in general. 
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